MATH 225: Notes on Assignment 17
7.1 Autonomous Systems and Stability.

Practice Problems: 1%, 2%, 4%, 6%, 8%, 23, 24, 25, 26

1.(a) =2y +zy = 0 implies y(—2 +z) = 0 implies z = 2 or y = 0. Then, = + 4zy = 0 implies
z(1 + 4y) = 0 implies z = 0 or y = —1/4. Therefore, the critical points are (2, —1/4) and
(0,0).

(b)
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(¢) The critical point (0,0) is a center, therefore, stable. The critical point (2, —1/4) is a
saddle point, therefore, unstable.

2.(a) 1+ 5y = 0 implies y = —1/5. Then, 1 — 62> = 0 implies = = £1//6. Therefore, the
critical points are (—1/4/6,—1/5) and (1/v/6, —1/5).

(b)

(¢) The critical point (—1/+/6, —1/5) is a saddle point, therefore, unstable. The critical point
(1/4/6,—1/5) is a center, therefore, stable.



4.(a) The equation —(z — y)(4 — z — y) = 0 implies z — y = 0 or z + y = 4. The equation
—z(2+y) = 0 implies z = 0 or y = —2. Solving these equations, we have the critical points
(0,0), (0,4), (=2,—2), and (6,—2).

(b)
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(¢) The critical point (0,0) is an asymptotically stable spiral point. The critical point (0,4)
is a saddle point, therefore, unstable. The critical point (—2, —2) is a saddle point, therefore,
unstable. The critical point (6, —2) is a saddle point, therefore, unstable.

(d) For (0,0), the basin of attraction is bounded below by the line y = —2, to the right by
a trajectory passing near the point (5,0), to the left by a trajectory heading towards (and
then away from) the unstable critical point (0,4), and above by a trajectory heading towards
(and then away from) the unstable critical point (0,4).



6.(a) The equation (2 —z)(y —z) = 0 implies z = 2 or z = y. The equation y(2—z —2z%) =0
implies y = 0 or x = —2 or x = 1. The solutions of those two equations are the critical
points (0,0), (2,0), (—=2,—2), and (1,1).

(b)
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(¢) The critical point (0,0) is a saddle point, therefore, unstable. The critical point (2,0)
is also a saddle point, therefore, unstable. The critical point (—2,—2) is an asymptotically
stable spiral point. The critical point (1, 1) is also an asymptotically stable spiral point.

(d) For (—2,—2), the basin of attraction is the region bounded above by the z-axis and to
the right by the line z = 2. For (1,1), the basin of attraction is the region bounded below
by the z-axis and to the right by the line z = 2.



8.(a) The equation 2(2—z—y) = 0 implies z = 0 or z+y = 2. The equation (1—y)(2+z) =0

implies y = 1 or z = —2. The solutions of those two equations are the critical points (0,1),
(1,1), and (—2,4).
(b)
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(¢) The critical point (0, 1) is a saddle point, therefore, unstable. The critical point (1,1) is
an asymptotically stable node. The critical point (—2,4) is an unstable spiral point.

(d) For (1,1), the basin of attraction is the right half plane.

23. We compute:

dd do

= Tt =) = F(g(t ), 6t - 5)) = F(®,¥) = F(z,)
and

dv

i (t s) = G(g(t — 5),¥(t — 5)) = F(®,7¥) = G(z,y).

Therefore, ®(t), ¥(t) is a solution for a + s <t < 8+ s.

24. Let Cj be the trajectory generated by the solution = = ¢g(t), y = () with ¢o(to) = zo,
Yo(to) = yo and let C; be the trajectory generated by the solution z = ¢(t), y = ¥y(t)
with ¢1(t1) = Iy, Il)l(tl) = Yo- From problem 23, we know that q)l(t) = ¢1(t — (to — tl)),
U, (t) = ¢y (t — (to —t1)) is a solution. Further, ®;(ty) = ¢1(t1) = 2o and ¥y(ty) = yo. Then,
by uniqueness, ¢o(t) = ®4(t) and ¥y(t) = ®1(t). Therefore, the trajectories must be the
same.

25. If we assume that a trajectory can reach a critical point (zg,7p) in a finite length of
time, then we would have two trajectories passing through the same point. This contradicts
the result in problem 24.

26. Since the trajectory is closed, there is at least one point (zg,yo) such that ¢(ty) = zo,
¥(to) = yo and a number T' > 0 such that ¢(to + T) = zo, ¢¥(to + T) = yo. From problem
23, we know that ®(t) = ¢¥(t + T), ¥(t) = ¢¥(t + T) will also be a solution. But, then
by uniqueness ®(t) = ¢(t) and ¥(t) = ¥(t) for all ¢. Therefore, ¢(t + T) = ¢(t) and
Y(t + T) = (t) for all t. Therefore, the solution is periodic with perlod T.






