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Notes on Assignment 2
Assignment 3
Mumps Model

https://www.mdpi.com/1660-4601/15/1/33/htm


Disease modelers gaze into their computers to see the future of Covid-19, and it isn’t good
Modeling the COVID-19 Epidemic With Multi-Population and Control Strategies in the United States

https://www.statnews.com/2020/02/14/disease-modelers-see-future-of-covid-19/
https://www.frontiersin.org/articles/10.3389/fpubh.2021.751940/full


Mathematician of the Week
Margaret H. Wright

Born: February 18, 1944
Silver Professor of Computer Science and former Computer Science

Chair, with research interests in optimization, linear algebra, and
scientific computing. Member of the National Academy of Science
and the National Academy of Engineering. She was awarded the
Jon von Neumann prize in 2019 in recognition of her pioneering
contributions to the numerical solution of optimization problems

and to the exposition of the subject.
Extended Biography

https://www.informs.org/Explore/History-of-O.R.-Excellence/Biographical-Profiles/Wright-Margaret-H


Qualitative Analysis of Autonomous Differential Equation

dy

dt
= f (y)

1. Find Equilibrium Solutions ( f (y) = 0 )

2. Create Phase Line
Determine when f (y) > 0 and where f (y) < 0
Label with arrows.

3. Classify Equilibrium Solutions
Asymptotically Stable: → ←
Semistable: → → or ← ←
Unstable: ← →

Asymptotically Stable Semistable Unstable
↓ ↓↑ ↑

↑ ↓ ↑ ↓
4. Sketch Solutions

Increasing, Decreasing, Concavity



Determining Concavity of y as a Function of t

y ′(t) = f (y(t) or more simply y ′ = f (y)

I Use Second Derivative:

y ′′(t) = f ′(y(t)× y ′(t) =
df

dy
× dy

dt
=

df

dy
× f (y)

I Use Graph of f (y) as a function of y



Determining Concavity of y as a Function of t

Example From Last Time: y ′ = (y−1)(y+1)(y−2) = (y2−1)(y−2)

I Use Second Derivative:

y ′′(t) = f ′(y(t)× y ′(t) =
df

dy
× dy

dt
=

df

dy
× f (y)

y ′′ = [3y2 − 4y − 1][(y2 − 1)(y − 2)]

I Use Graph of f (y) as a function of y



Graph of f (y) = (y2 − 1)(y − 2) as a function of y



Graph of f (y) = (y2 − 1)(y − 2) as a function of y

y1 ∼ −.215, y2 ∼ 1.549



Since y ′(t) = f (y(t)), we have y ′′(t) = df
dy

dy
dt = f ′′(y(t))y ′(t)

Interval Behavior of Derivative y ′′(t) = dy ′

dt = dy ′

dy
dy
dt

of y values as function of y

y < −1 Negative and Increasing (+)(-) = –
−1 < y < r1 Positive and Increasing (+)(+) = +
r1 < y < 1 Positive and Decreasing (-)(+) = –
1 < y < y2 Negative and Decreasing (-)(-) = +
y2 < y < 2 Negative and Increasing (+)(-) = –

y > 2 Positive and Increasing (+)(+) = +

y1 = 2−
√
7

3 , y2 = 2+
√
7

3



Since y ′(t) = f (y(t)), we have y ′′(t) = df
dy

dy
dt = f ′′(y(t))y ′(t)

Interval y ′(t) y ′′(t) Behavior
of Solution

y < −1 - - Decreasing Concave Down
−1 < y < r1 + + Increasing, Concave Up
r1 < y < 1 + – Increasing, Concave Down
1 < y < y2 – + Decreasing, Concave Up
y2 < y < 2 – – Decreasing, Concave Down

y > 2 + + Increasing, Concave Up



Direction Field for y ′ = (y − 1)(y + 1)(y − 2)





Direction Field for y ′ = (y2 − 1)(y − 2)



Some Integral Curves For y ′ = (y2 − 1)(y − 2)



Some More Integral Curves For y ′ = (y2 − 1)(y − 2)



Another Test For Stability

Theorem: Let y ∗ be an equilibrium point of
y ′ = f (y) with f having a continuous derivative (as
a function of y) in a neighborhood of y ∗. Then

I If f ′(y ∗) < 0, then y ∗ is asymptotically stable

I If f ′(y ∗) > 0, then y ∗ is unstable

I The test is inconclusive if f ′(y∗) = 0.



So Far: y ′ = g(t), y ′ = f (y)

New: Separable Differential Equation

y ′ = f (y)g(t)

Derivative of y is product of a function of y only
and a function of t only.


