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Notes on Assignment 20
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Mathematician of the Week

Samuel Giuseppe Vito Volterra

May 3, 1860 – October 11, 1940



The Fragility of Being a Center

Consider X’ = AX with A =

(
36 80
−50 −36

)
Characteristic Polynomial: λ2 + 2704 so eigenvalues are λ = ±52i

Suppose we replace 36 with 36 + ε where ε is a small number.

A =

(
36 + ε 80
−50 −36

)
Characteristic Polynomial: λ2 − ελ+ 2704− 36ε so eigenvalues are

λ =
ε±
√
ε2 + 144ε− 10816

2

ε small positive means real part ε
2 > 0: Spiral Source

ε small negative means real part ε
2 < 0: Spiral Sink
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Bifurcations

First Order System with Parameter

x ′ = F (x , y , α)

y ′ = G (x , y , α)

where α is a parameter.

How do Critical Points Change as α Varies?

x–nullcline: Where x ′ = 0; that is, F (x , y , α) = 0
y–nullcline: Where x ′ = 0; that is, G (x , y , α) = 0

Critical Points: Intersections of x-nullcline and y -nullcline.



Example:

x ′ = F (x , y , α) = −6x + y + x2

y ′ = G (x , y , α) =
3

2
α− y

x-nullcline: y = 6x − x2 = x(6− x)
y-nullcline: y = 3

2α



x ′ = −6x + y + x2, y ′
3

2
α

Find Critical Points:

6x − x2 =
3

2
α

x =
3±

√
6(6− a)

2



α = 2 α = 6 α = 7
2 Critical Points 1 Critical Point No Critical Points

As α varies , the number of Critical Points changes.
Graph Location of Critical Points As Functions of α:



As α varies , the nature of Critical Points may also change.
x ′ = −6x + y + x2 y ′ = 3

2α− y
x ′ > 0 y ′ > 0

y > 6x − x2 y < 3
2α



Jacobian Matrix
x ′ = F (x , y) = −6x + y + x2, y ′ = 3

2α− y

J =

(
Fx Fy
Gx Gy

)
=

(
−6 + 2x 1

0 −1

)
Eigenvalues: {−1,−6 + 2x}

Critical Points: 2x = 3±
√

6(6− a)
2x = 3−

√
6(6− a): Both Eigenvalues Negative : Asymptotically

Stable
2x = 3 +

√
6(6− a): One Positive, One Negative: Saddle Point



For α = 6, there are ONE critical point (3,9)

The Jacobian matrix

(
−6 + 2x 1

0 −1

)
becomes

(
0 1
0 −1

)
which has eigenvalues of -1 and 0.

The approximating linear systems is. x ′ = y , y ′ = −y which has
solutions of the form x = C1 + C2e

−t , y = C2e
−t .

The original system becomes x ′ = −6 ∗ x + x2 + y , y ′ = 9− y .
The second equation y ′ = 9− y has solution of the form

y = 9 + Ce−t so y values will approach 0.



For α = 6, there are ONE critical point (3,9)
Here is a Phase Portrait for α = 6:



For α > 6, there are no critical points.
Here is a Phase Portrait for α = 7:



The system x ′ = F (x , y , α), y ′ = G (x , y , alpha)
As α varies, the configurations of nullclines change. Some

possibilities:

I Two critical points coalesce into one.

I The critical point may disappear

I Two critical points may reappear with different stability
properties than before they coalesced.

I We may go from 0 to 1 to 2 critical points

A bifurcation point is a value for the parameter α at which
critical points coalesce, are gained or are lost.



Bifurcation Diagram
Bifurcation diagrams offer a way to visualize the steady-state

stability of differential equations, either individually or in a system,
with respect to a given parameter regime and variable.

On a standard diagram, the vertical axis will represent the value(s)
at which the variable is steady, while the bifurcation parameter will

extend horizontally.

x ′ = −y , y ′ = x2 − y − a



Pitchfork Bifurcation

x ′ = y , y ′ = αx − x3 − y

a = −1 a = 3



Pitchfork Bifurcation



Transcritical Bifurcation
While one steady state, (shown in red), remains stationary, the

other sweeps across it and, in doing so, trades its stability.

x ′ = y , y ′ = αx − x2 − y



Transcritical Bifurcation

x ′ = y , y ′ = αx − x2 − y

Critical Points: (0,0), (a, 0)

a = −2 a = 2



Hopf Bifurcation
A Hopf bifurcation occurs when a steady state loses its stability,

becoming a source which feeds into a stable periodic orbit.

dx

dt
= x(1− x

γ
)− xy

1 + x
,
dy

dt
= β(

x

1 + x
− α)y



Heinz Hopf

19 November 19, 1894 – June 3, 1971

”Without doubt Heinz Hopf was one of the most distinguished
mathematicians of the twentieth century. His work influenced
profoundly the evolution not only of topology but of a large part of
mathematics. But Heinz Hopf was not only a gifted researcher: he
was also an excellent teacher and a personality of the highest
integrity; at the same time, he effervesced with charm and subtle
humor.”



Henri Poincaré. ”L’Équilibre d’une masse fluide animée d’un
mouvement de rotation”. Acta Mathematica, volume 7, pages

259-380, September 1885.




