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General System of First Order Differential Equations

/

x; = fi(x1, X2, ..., Xn, t)

/

Xy = fo(X1, X2, ..., Xp, t)

!
X, = fo(X1, X2, ...y Xn, t)



n=2 ‘ n=3

xX'=F(x,y,t) | X' =F(x,y,2,t)
Yy =G(x,y,t) | ¥ =G(x,y,2,t)
Z = H(x,y,z,t)

Autonomous Systems
No Explicit t on Right Hand Side
n=2 n=3
x'=F(x,y) | X' = F(x,y,2)
y/:G(X7y) y/:G(X7y7Z)
z (x,y,2)
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Special Properties of Autonomous Systems

Direction Field is Independent of Time
Only One Trajectory Passing Through Each Point (xo, yo)
A Trajectory Can Not Cross ltself

A Single Well-Chosen Phase Portrait Simultaneously Displays
Important Information About All Solutions



Analyzing a Nonlinear System

Our Example From Last Time:

X' =F(x,y) = (2—y)(x—y) =2x =2y — xy + y*

!/

Y =Gxy)=1+x)(x+y)=x+y+x>+xy

Step 1: Find Critical Points: X’ =0 and y' =0
Step 2: Find Signs of x’ and y’
Step 3: Linearize Near Critical Points



STEP ONE: Identify All Equilibrium Points
x" =0 along lines y =2 and y = x
y’ =0 along lines x = -1 and y = -x



X' =@2=-y)x-y)y =Q+x)(x+y)

x" =0 along linesy =2 and y = x
y’ =0 along lines x

-landy = -x




Step 2: Find Signs of x’ and y’

X' =Q2-y)(x-y)>0

CASE 1: BOTH FACTORS POSITIVE
2—y>0 x—y>0
2>y

x>y
y<2 y <x




Step 2: Find Signs of x’ and y’

X' =Q2-y)(x-y)>0

CASE 2: BOTH FACTORS NEGATIVE
2—y<0 x—-y<0
2<y

x<y
y>2 Yy > X




Step 2: Find Signs of x’ and y’
x' Positive

X' =Q2-y)(x-y)>0
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Approximating a Function
Classic Calculus Example: f : R! — R?!
Approximate Curve with a Tangent Llne

Curve y = f(x)

Tangent Line
Slope =f"(xo0 )

f(x) =~ f(xo0) + f'(x0)(x — x0)
f(XO + h) ~ f(Xg) + f/(XO)(h)
To Do Better, Use Taylor Series:
F(x) = Flx0) + F(30) (x — x0) + Lo



Approximating a Function With Tangent Line
Special Case: f(xp) =0

f(x) = f(x0) + f'(x0)(x — x0) = f'(x0)(x — x0)
f(xo+ h) = f'(x0)(h)



Approximating Function of Two Variables

F(x,y) = F(x0, o) + Fx(x0, 0)(x — x0) + Fy(x0, Yo)(y¥ — Yo0)

F(x,y) = F(x0, 0) + (F(x0, 0), Fy(x0, ¥0)) - (x — X0, ¥ — o)

F(x,y) = F(xo,¥0) + VF(x0, o) - (x — Xo)

Let x = (x,y), %0 = (X0, Y0) :

F(x) = F(x0) + VF(x0) - (x — x0)

f(x) = f(xo) + f'(x0)(x — x0)
If xo is a critical point, then F(x) ~ VF(xp) - (x — Xo)
f(x) =~ f'(x0)(x — xo)



Gy =G =leen-1& 21y

Near Critical Point, System Behaves Like X’ = A X where

_ Fx(x*,y*) Fy(X*7y*) — J(x*. v
A= |G Qo] = a6



Current Goal:
Approximating Nonlinear Autonomous
System with Linear System
Near An Equilibrium Point

X' = F(x,y)
y = (X7y)

Fx,y) = F(x%y") 4 F(X y") (x = x7) + £y (5, y )y = y7)
G(x,y) = G(X",y") + Gu(x", y*)(x = x7) + Gy (X", y ")y — ¥7)

But at Equilibrium Points, F(x*,y*) =0, G(x*,y*) =0 so

Fx,y) = F(xX7 ") (x =x7) + B, (37 y )y = ¥7)
G(x,y) = G(x%, y ) (x = x7) + G (X", y )y = ¥7)



Carl Gustav Jacob Jacobi
December 10, 1804 — February 18, 1851



Fx,y) = B(x7, ") (x =x7) + B, (37 y )y = ¥7)
G(x,y) = Gx(x", y")(x = x7) + Gy (X", y ")y — ¥7)

which we can write as

resAm v allim

sy [ = a6 [}

J is called the Jacobi Matrix or Jacobian



Example X' = (2 — y)(x —y) = 2x — 2y — xy + y? = F(x,y)
Y'=1+x)(x+y)=x+y+x*+xy=G(x,y)
Fk=2—-y Gy=14+2x+y
Fy=—-2—-x+2y G, =1+x

(x*,y*)  J(x*,y") Eigenvalues Nature
0,0 2 2 L3+iv7 Unstable Spiral
1 1 2
(-1-1) (_32 _03> 1(3+V33) Saddle Point
(-1,2) ((1) g) +3 Saddle Point

(-2,2) (_Ol _41> 2(-1+iV15) Asymptotically Stable Spiral



Simple Competition Model
x' = ax — bxy = x(a — by) = F(x,y)
y'=my —nxy = y(m—nx) = G(x,y)
a,b,mn>0

Search For Equilibrium Points
xX'=0atx=0,y=7
y=0aty=0x=1

Critical Points: (0,0) and (7, 7) : One Point Orbits
x-axis is an orbit and y-axis is an orbit.

x>0 y' >0
x(a—by) >0 y(m—nx) >0
Both Positive Both Positive
x>0andy < y>0and x <7
OR OR
Both Negative Both Negative
x<0andy>Z|y>=<0and x> 7




x>0

y'>0

x(a—by) >0
Both Positive
x>0andy <
OR
Both Negative
x<0andy> 7

y(m—nx)>0
Both Positive
y>0and x <7
OR
Both Negative
y >=<0and x > 7

1 1 -3
IR T 2
“ l" T,
x=40 xX=m/n

y= 0



Simple Competition Model
x' = ax — bxy = x(a— by) = F(x,y)
y'=my —nxy = y(m—nx) = G(x,y)

a,b,mn>0
F.=a— by Gy = —ny
F,=—-bx G, =m—nx

J(0,0) = [g 27}

Both Eigenvalues are positive

=a/b
y=20
- 2 T,

x=0 xX=m/n



Fk=a—by Gy=—ny

F, = —bx G, = m— nx
may_ [a—by —bT | _ 10 _bTm
J(”’b)_[—nz m—n2| -2 0

Characteristic Polynomial \? — _T"”bT’" =X —am

Eigenvalues ++/am so we have Saddle Point.
Eigenvectors: v = —bm w = bm
igenvectors: v={ — | w={ ~—_

=a/b
i Q't t-’ ‘-)
y=20

x=0 xX=m/n



A Specific Example: a=.9,b=.6,m= .4,n=.3
Critical Point (3, %) = (4, 3)

0 _(~6)(~4)] [ 0 _4
- 0 —5 0

Eigenvalue Eigenvector  Solution

. 3 . —4/3 3
A=,/36/100 = v= < { estv

3 4/3 -3t
A=—4/(36/100 = - w= 1 e s'w

General Solution of Linear System

Cle%t <_£;/3> + Czefgt (4{3)



Behavior Near Equilibrium Point

N[
/™

a/b

m/n

C1e5t ( 1/3) +Cre” 5 (4/3)



Simple Model x' = ax — bxy
y' = my — nxy
a,b,mn>0
Each Species Grows Exponentially in Absence of Other.

More Realistic Model
x' = ax — px® — bxy
y' = my — qy® — nxy
a,b,mn>0
Each Spcies Grows Logistically in Absence of Other.



Next Time
Predator-Prey Models



