A Unified Treatment of Tangent Lines and Tangent Planes

Tangent Lines to Curves

CaseI: f:R'—>R' (Coordinate representation of the curve)

Here the graph of fis the curve and y = f{x) is equation of the curve
The tangent line to the graph of f at x = a is tangent line at (a, f(a) )
and has equation y = f(a)+ f'(a)(x— a)

Case 2: f:R' > R* (Parametric Representation of the curve)

Here the image of fis the curve
We focus on the tangent line to the image of /.

Here f(£) = (£,(t), £,(1)) and £(©)= (£ (). f, (1))

Then: Tangent line is set of vectors of the form f(a) + f'(a)t

Case3: f:R' > R”
Here the image of fis the curve

Now f(t) = (f.(2), f,(®),...f., (1)) and £(©)=(f, (1), f, @), .... £, ()

Again, Tangent line is set of vectors of the form f(a) + f'(a)t

Tangent Planes to Surfaces

Case 1: f:R> > R' (coordinate representation of the curve)

Here the graph of fis the surface
Now z = f{x,y) is the equation of the surface.

If (a,b) is a point in R”in the domain of £, then the tangent plane to
the surface at (a,b,f(a,b)) 1s given by

z= f(a,b)+ f,(a,b)(x —a) + f,(a,b)(y - D)
Note that we can write this equation in a number of equivalent ways:
2= f(a,b)+(/.(a,b).f,(a,b)) (x~a,y-b)
2= f(ab)+(/.(a.b). £,(a,b)) ¢ ((x,) ~ (a,b))
z= f(a)+ f'(a)e(x—a) where a=(a,b), x=(x,y),and [’ :(fx,fy):Vf



Case 2: f:R*> > R’ (parametric representation of the surface)
Here the image of f'is the surface

Now f(u,v)=(f,@wv), f,uv), f,(u,v))
In vector form, with a = (1,v), and f(a) = ( f,(a), £, (a). f,(a))
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The tangent plane to surface at f(a) is the set of vectors of the form f(a)+ f”' (a)k J
v
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We can write out this vector formula as { fz(a)J + %(a) %(a) L J
v
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(x) ( fi@)+ 5 (@u+ ;(a)v\ We may solve the first two equations

Or = a +%(a u+%(a 1 for u and v in terms of x and y.
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z fi@)+Z@u+L(ay Then substitute into third equation

| to getz in terms of x and y.

Summary: Equations for the Tangent Objects

Curve Surface
Coordinate Form y=f(a)+ f'(a)(x—a) | z= f(a)+ f'(a)e(x—a)

()

Parametric Form f(a) +1'(a)t @)+ f,(a)LvJ

Tangent is a Line Tangent is a Plane




