MATH 223
Some Notes on Assignment 25
Exercises 28abced, 30, 31, 32 and 33 of Chapter 6.

28abcd: Determine which of the following improper integrals converges or diverges:

a) ffo % dx

Solution: flb % dr=Inb—Inl=Inb and limy_,, Inb = co so the integral diverges.

b) floo 712 dx

Solution: flb L dr=—3—(—1) =1- ¢ and limy_,oc (1 — §) = 1 so the integral converges.
(©) [ % da

Solutzon fl 7 dr = 2vb—2v/1 =2vb—1 and limy_, Inb = co so the integral diverges.

fl Ldg

Solution: fal % dr=Inl—Ina = —Ina and lim,_,o+ Inb = —o0 so the integral diverges.

30: Determine whether the given integrals are convergent or divergent. If convergent, find the value.

(a) f f]R2 W dA.
Solution: Switch to Polar Coordinates. The integral becomes

r=00 0=2m r=00 r=b
r . r
/ /0 1—|—r2 3/2rd6’ dr:/TZO 2ﬂ7(1+r2)3/2 dr = (27) bhﬁrglc U dr

=b

T 1 1
_ : _ 2\—1/2 _ . . _
(2m) blgn;o { (1+r7) L:o (2m) blggo [ (1+b2)1/2 + (1 +02)1/2} 2

T[0+1] =

b) ffflR3 W dv. (Optlonal Extra Credlt)

31: Let R be the unit disk in R? = {(x,y) : 22 + y* < 1. Determine whether the given integrals are
convergent or divergent. If convergent, find the value.

m2
a) ffR (x> +y2)37? dA
Solution: Switch to polar coordinates. The integrand

z? r?cos?f  cos?f

7(:62+y2)3/2 becomes ()72 =—

and the integral becomes

0=2m 0=2m r=1
/ / cos” rd&dr—/ / coszﬁdﬁdr:/ Tmdr=m
r= 0= r= 6= r=0

(Recall [ cos? df = sinfeostt0)

ln(z + )
ffR \/ﬁ dA

Solution: Use polar coordinates again:

0=2m r=1
// In ( x —|—y dA = // Inr? rd@r—/ / 21nrd0dr:47r/ Inrdr
NEel r=0 Jo= r=0

The integral is improper at r = 0 so we examine 47 f "Inrdr and then take the limit as a — 0*.
Using integration by parts with v = Inr, dv = dr, we ﬁnd JInrdr =rInr—r. Thus

r=1
/ Inrdr=(1lnl1-1)—(alna—a)=—-1—-alna+a
and

lim (-1+a)=-1but lim alna is an indeterminate 0 x —oo form.
a—0+ a—0+



We use I'Hopital’s Rule with alna = 111172

| 1
lim alna = lim 2a_ im L: lim —a=0
a—0t a—0t 1/CL a—0t —1/a2 a—0t

Thusf "Inrdr=—1and ffR hi/% dA = —4Ar
y2

32: 7= [[, ﬁ dz dy, R is interior of the unit square: — 1<z <1,-1<z<1

Solution: Note that the unit disk D consisting of all points less than one unit from the origin lies entirely
inside R so if the integral diverges on D, it will diverge on the larger set R as our function is always
positive. The integral is improper because the function f(z,y) = ﬁ is undefined at (0,0) and be-
comes unbounded as we approach the origin. We will evaluate the integral over D by switching to polar
coordinates:

Note first: f f=am

o—g  7zrdfdr = ZNITT:;%dr =2r(Inl—1Ina) = —27lna

r=1 0=2m
Then 7 = lim / r dfddr = lim —27lna = o
0=

a—0t a—0t

so the integral diverges.

33: Let U be the set of points in R? at least one unit from the origin; that is, U = {(z,y, 2) : 22 +y?+2? >
1}. Show that for & > 5/2, the triple integral

/// 22 4+ 9%)In (22 + y2 + 2?) Jv
(22 +y? + 22)*

converges and has value %. Hint: Use spherical coordinates.

If k > 5/2, then 2k > 5 so we can write 2k = 5 4 p for some positive number p. Using spherical
coordinates, the integral becomes

r sm2 ¢lnr r4sin® ¢ In 2 rtsin® ¢(21Inr) sm3 ¢lnr
/// —— T Sll’l(b /// T'Qk = ///U 7"5+p /// 7"1+p

Now we’ll put in the limits on the integral:

r=00 =7/2 r0=2m 341 r=oco r¢=m/2 _: 3 1
_ 2/ / / SO 44 46 dr = 2(2@/ / SOMT g
$=0 9 rite r=1 J¢=0 rite

For the integral with respect to ¢, we have

cos® ¢
3

/sin3¢d¢:/sin¢sin2¢d¢:/sin¢(1—cos2¢)d¢:/(sin¢—sin¢cos2¢) d¢ = —cos ¢+
50

/:J sin® g dg = (—(—1) + —1/3) — (1 " :1))) _ %

=0

This result reduces our calculation of the integral to

167 ("% Inr 167 =0 Iny
— — lim

T = =
3 r=1 T1+p 3 b—oo r=1 7”1+p

To integrate 2=, use integration by parts with u = Inr,dv = r='=? so that du = 1/r,v = r~?/(—p).

Then wv — [vdu = (l/p)lm (1/192)%;)

and 1216% HI{}OK (1/p)lnb (1/p2)blp> (( 1/p)1n1 (1/p2)11p)]

7= [ (i~ - iy )] + 2




1
but lim — is easily seen to be 0 and lim no_ 0 by ’Hopital’s Rule since p > 0.
b—o0 bP b—oo bP

167 1 167 167 .
ThusI:Tp = @ = m Slncep:2k—5



