MATH 223
Some Notes on Assignment 14
Exercise 33 (old 26) in Chapter 4; Exercises 1 - 5 in Chapter 5.

33: Let @ be the positive first quadrant in the (u, v)-plane and define f(u, v) = (\/ u? 4+ v?, arctan %)

Find the Jacobian matrix J(u,v) and show that det J(u,v) = m and The inverse of
J(u,v) is

v
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Solution: Taking the partial derivatives with respect to w and v of both component

3 — u — v J— —v _ u
functions (?f f(u, v). we ﬁnd fw = Jamm o = Jame Jau = g and foo = s
The Jacobian matrix of f is

J(u,v) = <\/“2j§”2 ‘/“2;”2) )

From the formula of the determinant of a 2 by 2 matrix we have

u? v?

detJ = + ,
Vuz+v2(u? +v?2)  Vu? 4 v (u? 4+ 0?)

1
detJ = ——.
Vu? + v?
On every point except the origin of the uv plane, the determinant of J is defined and the
Jacobian matrix is invertible.
The given matrix is the inverse of J if and only if JJ™* = I where I is the 2 by 2 identity
matrix. Multiplying J and J~! we have

J3l = a; by
a9 b2 '

where the coordinates of the resultant matrix are:

u? n v? ]
ar = —=
L= 2 02 | w242
—uv . UV 0
Ao = e
2 Vuz+v2(u? +v?2)  Vu? 4 v (u? 4+ 0?)
—u UV
by = + =0
' Vu2 +0v2 Vu? + o2
2 2
by = Y + 4 =1

w2 +v?2 w2 +0?

Substituting these results into the coordinates of the result matrix we have

(1 0\
JJ _<O 1>—I.

Chapter 5



1. a) Substituting z? for u and x+5 for v we have g(f(z)) = 2+ 522 The composition is
a real-valued function of only a single variable; thus, we can differentiate using elementary
calculus rules.

(go f)(z) =32>+ 10z = (go f)'(3) = 57.

b) To apply the Little Chain Rule, we must first find the gradient of g and the derivative
of f. The gradient of g is Vg = (v,u). The derivative of the vector-valued function f
is f'(z) = (2x,1). The Little Chain Rule states that the derivative of the composition

(go f)(x)is Vg(f(x)) - f'(x). At f(3) = (9,8) we have
Vg(9,8) - f/(3) = (8,9) - (6,1) = 57.

2. a) Substituting sint for u, cost for v, and tant for w we get

(g0 f)(t) = g(f(t)) = (sin’t)(cost).

The composition is a real-valued function of a single variable and is therefore subject to
single-dimensional differentiation rules.

(go f)(t) = 3(sin*t)(cos* t) — (sint)

T 1

(gof)/(z) = B)

b) We must find the gradient of g, the derivative of f, and the value of f(x) at x

7. The gradient of g is the 1 by 3 vector containing the partial derivatives with
respect to u, v, and w: Vg = (2uv*w, u?2vw, u*v?). The derivative of f is the 3 by 1
vector containing the derivative of each component function with respect to ¢, that is,
f'(t) = (cost,—sint,sec’t). At t =% we have f(§) = (‘/§ V2 1) . Applying the Little

Chain Rule we get i 2
oo (%)= ((2) (“f) (3)-(;)@ (f) | @) | (?—fz) N

[3.] Note that f is function from R? to R and ¢ is a function from R to R?. The
composition (g o f) is a function from R? to R? and its derivative is a 2 by 2 Jacobian
Matrix. We should keep this in mind when assessing the validity of our answers.
Method 1: If we substitute 23y? for ¢t and write the composition as a single function we
have g(z,y) = (2392, ew3yz). The derivative of this function is a 2 by 2 matrix where each
row contains the partial derivatives of the coordinate functions.

3x2y? 223y 12 4
/0 _ / _
(g © f) =4 (l’,y) - <3x2y2€z3y2 2x3yem3y2 =9 (17 2) 1 12et 46t )

Method 2: The derivative of the composition can also be found using the General Chain
Rule. The gradient of g is a 2 by 1 matrix of the derivatives of the component functions:
Vg = (1,€"). The derivative of f is a 1 by 2 matrix containing partial derivatives with
respect to z and y. If we evaluate f(1,2) and substitute the answer into the formula
given by the General Chain Rule we have

Va7, 102 = (3)- (2 )= (3 40)-



4 In this question, the composed function has its domain in R? and its image in R?. We
should then expect the derivative to be a 3 by 2 Jacobian Matrix.
Method 1: Substituting f(z,y) for ¢ in ¢g(t) we have

(go f)=g(z,y) = (& +y,(z+y)2, VT T y).

The derivative of this function is the 3 by 2 matrix of the partial derivatives of each

component function.
1 1
(g0 f) = |2va Ty 5vaty

Wity Wy
1

(go f)(3,1) =

=0
V]

Method 2: The gradient of g is Vg = (2t,3t%,1). The derivative of f is f'(z,y) =
(2\/;@, 2\/31cTy> Evaluating f at (z,y) = (3,1) we get f(3,1) = 2. The General Chain
Rule says (go f) (z,y) = ¢'(f(x)) - f'(x). Substituting the above values into this equation

gives

4 1 1
(go NG ={12]-(§ §)={3 3
4 4 4

5. The composition (g o f) has both domain and image in R?, so its derivative is a
2 by 2 matrix.

Method 1: Rewriting the composition as a single function, g : R? — R?, gives g(z,y) =
(322, 22 —x2y? —4y3). Taking the partial derivatives of each of these component functions
we have

/ B 61 0 , (18 0
g'(x,y) = (8363 —om? —2u%y — 4y3> =934 = (120 —328)

Method 2: Differentiating g and f separately we have

g'(u,v) = (11) i)

, (2 =2y
At (z,y) = (3,4) we have g(f(x,y)) = g(—7,34). Applying the General Chain Rule to
find the derivative of the composition at (3,4) we have

wo /e =130 160 = (5 ) (5 )= (i _sas)



