MATH 223: Multivariable Calculus
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Notes on Assignment 3
Assignment 4
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Review: Curves and Tangent Lines

Example 1: F(x) = (x® +7x+ 3,8 +sinx), -2 < x < 2.
F(0) = (3,8)
So F'(x) = (3x2 4 7, cos x)
Implying F'(0) = (7,1)

Tangent Line
L(t) = F(0) + tF(0)

=(3,8)+ (7, 1)t
=(3+7t,8+1)



Review: Curves and Tangent Lines

Example 2:
F(x) = (x®*+ 7x+ 3,8 +sinx,In(1 4+ x?)), -2 < x < 2.
F(0) = (3,8,0)
So F/(x) = (3x? + 7, cos x, 1%;2)
Implying F'(0) = (7,1,0)

Tangent Line :
L(t) = F(0) + tF'(0)

=(3,8,0) + (7,1,0)t

=(3+7t,8+1,0)



Plotting Vector-Valued Functions in Maple
with( plots) :
Example of curve and tangent line
F(x)= (x3 + 7x + 3,8 + sin x) with tangent line at x =0
Curve == plot( [x3 + 7-x+ 3,8 + sin(x),x= —2..2], color = blue, thickness = 4 )
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Plotting Vector-Valued Functions in Maple

Equation of Tangent Line : L(t) =F(0) + ¢tF'(0)=(3,8) +¢#(7,1)= (3 +7t,8 + ¢)
Tangent := plot([3 + 7 1,8 + t,t=-2..2], color =red, thickness = 4)
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Plotting Vector-Valued Functions in Maple
display (Curve, Tangent)
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Plotting Vector-Valued Functions in Maple
Plotting a Curve in 3-space:
with( plots) :

spacecurve( [ t7, t73, sin(tz) ], t = % .1, thickness = 4)




Integrating Vector-Valued Functions of a Real Number
Example 3: Find all vector-valued functions of a real variable p(t)
such that

1 t
"(t) =
p) <t2—|—1’t2—|—1>

Solution:

p(t):/p’(t)dt:/<t2:_1,t2:_l> dt

1
= (arctan t, 5 In (t* + 1)> + (G, R)

1
= (arctan t+ G, 3 In(t? +1) + Cz)



Example 3 Continued: p(t) = (arctant + Cy, 3 In (2 + 1) + )
(i) Find particular solution so that p(0) = (3,4)

—arctan0+ G =0+ CG so (4 =3

1
4:§|n(1+02)+C2:0+C2 so G = 4

1
Hence p(t) = (arctan t+3', 5 In(t> +1) + 4)

(i) Find particular solution so that p(1) = (a, b)

a=arctanl+ G =n/44+ Cso GG =a—7/4

1 1 1
b=5In(1+1%)+ G =72+ CGso G=b—In2

1 1
Hence p(t) = <arctan t+a—m/4, 5 In(t>+1)+ b — 5 In 2)
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The trajectory of a kicked football




X

Initial Velocities: xj = wcos b, yj = wsind
x and y are functions of time t

x"=0
x'=C = wcos
x =wcosft+ xp
y'=-g8
y'=—gt+ C=—gt+ wsinf
y=—-5t>+wsinf t+ y

x(t) = wcosf t + xo, y(t) = —%tz +wsinft+ y



x(t) = wcosf t + xo
y(t)=—§t2+ wsinf t + yo

Suppose xp =0,y =0
Then
x(t) =wcosft
y(t) = -8+ wsinf t

Note:

g X2 n wsin 6
== X
y 2 \ w2cos26 w cos 6

Graph of y versus x is a Downward Pointing Parabola



x(t) =wcosft
y(t) =82+ wsinft =1t (-5t + wsinb)

Now y = 0 at t = 0 and when WsinG:%

2wsin 0

which occurs when t = -

At this time

(2wsin 9) 2w?sinfcosh  w?
X = wcosf

= = —sin(20
g g g (29)
So Maximum Horizontal Distance occurs when sin(20) = 1;
that is, 6 = 7



0 a/2 a

Maximum height h

g: wcosOt, h= —%tz—{—wsinet

Maximum h occurs when t = %"9 [ where H'(t) =0 ]

At this time, x = w cos 9% = WEZSinHCOSG



h= —%tz—i-wsinﬁt

— wsinf.
At t = z

: 2 .
h:g(Ws'”9> +wsin9<wsm9)
2 g g

g w?sin?0  w?sin?6

2 g2 g
_ w?sin?6  w?sin?6
2g g
w?sin? 6
= 2

2 .
where x = W?sm0c059



To have y = h at x = a/2:

2

w?sin?6 a w?

h:T,Ez—sinGCOSG
ho w2sin? 6 ( g )
a/2 2g w2 sin 6 cos @

27h_ sind

a 2cosf

4h

— —tanf

a

4h
6 = arctan <)
a



2.2
Recall h = m and tanf = ﬁ
2g a

w = 1/16h% + a2 so sinf = 4h

V16h2 + a2
2 2 2
h=" qin2g="" _16A"
2g 2g \16h2 + a2

Solve for w?:
> (2gh)(16h% + a%)  g(16h% + a2)
- 16h2 - 8h




Real-Valued Functions of Vectors
Example: f : R? — R!

_ ) (xy) #(0,0)
f(Xﬁy)—{O”y (0.0)

What happens as (x, y) approaches (0,0)?
Consider approaching along line y = mx. Then

xy xmx o om
x2+2y2  x24+2(m?x2) 14 2m?




