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Multivariable Calculus Chapter :
DIFFERENTIABLITY
Section 1: Limits and Continuity

. Part A: Neighborhoods

Definition: A 8-ball in R" with radius 5 > 0 and center x, is the set of al

points x in R"such that | x —x, | <5. -

Definition: A neighborhood of a point p in R" is’a s-ball with
center at p for some §>0. :

Definition: If S'is a set in R" and p is a member of S, then pisan
interior point of § if there is some neighborhood N of p entirely
contained in S.

Definition: A set §'in R" is open if every point of S is an interior
point of S.

Definition: If §'is a set in R", then p is a limit point of S if every
neighborhood of p contains a point q of S which is distinct from p.

Note: (1) pis alimit point of S if for every given & > 0, there is a

point q in S'such that 0 <| p—q | <.
(2) p can be a limit point of S without belonging to S.

Definition: A boundary point of a set S in R" is a point p such that

-~—every neighborhood of p contains both.a-point in S and a point not in S.

The boundary of a set is the set of all boundary points of S.

Definition: A set in R" is closed if it contains all of its boundary
points.




- Part B: Limits

Definition: Suppose fis a function from R" to R™. Let y, be a point
in R™ and x, a limit point of the domain of £, Then y, is the limit of fat
x, if for every &> 0, there is a 5 > 0 such that | {x) - Yo | < ¢ whenever x
is in the domain of fand satisfies 0 < |x —x, | <.

Notation: We write lim f(x) = Yo

Xy

Note: An alternative way to phrase the last sentence in the definition of

limit is: y, is the limit of f'at x, if for every neighborhood N, of y,, there
is a neighborhood N, of x, such that fx) lies in N, whenever x is a
member of N, other than x,,.

Theorem: Limits are unique: If lim f(x)=y, and lim f (x)=y, then

Y1 =Y.

Theorem: Given f: R" — R™ with coordinate functions Jisf, and a
pointy, = (¥,...,.y_)in R, then lim f(x)= f(x,) if and only if

lim fi(x)=y, fori=1,..m




Part C: Continuity

Definition: A function fis continuous at x,, if
(@) x, is in the domain of f

®)  Im f(x)=1(x,)

Other ways of phrasing continuity are
(2) fis continuous at x, if for each neighborhood N of fx,), there
is a neighborhood M of x,, such that f takes each of point of M into some

point of N.

(b) fis continuous at x, if for every open set U containing f{x,), the
set of points fmaps into U is open.

Theorem: A vector function is continuous at a point if and only if all 1ts
coordinate functions are continuous there.

Theorem: The functions Py == R" — R where P,(x,,...x,)=x, are
continuous for £ = 1,2...,n. The function P, is called the kth coordinate
projection. '

Theorem: -The functions S : R* — R and M: R? — R defined by S‘(x, y)
= x + y and M(x,y) = xy are continuous.

Theorem: If £ R" — R™ and g: R™ — RP are continuous then the
composition g o fis continuous wherever it is defined.

- Definition: A fnction £ R" — R™ is a linear function if each coordinate

function has the form £, (x, s, )= a,x, +...+a,_x for some scalars Qg

s e

Theorem: A linear function f: R® — R™ is continuous.




